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Abstract 

In this paper, we first discuss the structure of the Ramond N = 2 superconformal 
algebras. Then we classify the modules of the intermediate series over Ramond N = 2 
| superconformal algebra. 

q \ 1. Introduction 

■ More than two decades ago, superconformal algebras were first constructed 

independently and almost at the same time by Kac [I] and by Ademollo et al. pQ. 
On the mathematical side Kac and van de Leuer [5], Cheng and Kac [3] have 
classified all possible superconformal algebras and Kac recently has proved that 
| their classification is complete. 

The Neveu-Schwarz, the Ramond and the Topological N = 2 superconformal 
algebras are connected to each other by the spectral flows and/or the topological 
twists. Therefore, we only consider the Ramond N = 2 superconformal algebra, 
^ ! which is a Z 2 -graded space: C = Cq © with 

£o = span c {Lj, Hj, c\i,j G Z}, C T = span c {G7, Gj \i,j G Z}, 

such that c is a central element and the following relations hold: 

[L u Lj] = (i - j)Li+j + jzii 3 - i)$i+j,ac, 

[Li,Hj] = —jH i+j , [Hi,Hj] = \ib~ i+jfi c, 



[Li, GA = (~ - j)G i+j , [Hi, GA = ±G i , 



3 J V2 JJ^i+ji L"»)"iJ -""^i+i' 

[G+, G+] = [GT, GJ] = 0, [G7, G+] = 2L i4 ,- - (i - j)/f i+J - + |(* 2 - W- 

Obviously, the Cartan subalgebra of £ is W = CL + CH + Cc, and Vir = 
spanc{L m , c | m G Z} is a Virasoro subalgebra of £, which can be described as the 
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universal central extensions of the Lie algebras of differential operators (see [2] for 
details). 

An £-module V is called a Harish- Chandra module if V is a direct sum of its 
finite dimensional weight spaces V x = {v G V \ x- v = X(x)v, x G 71} for all A G Ti* 
(the dual of TC). Similar to the case of Virasoro algebra, we can define the module 
of the intermediate series over C: 

Definition 1.1 A module of the intermediate series over £ is an indecomposable 
Harish- Chandra module V such that dim V x ^ 1 for all A G H*. 

In this paper, we will consider some properties of C, basing on representations 
of the above type over the Virasoro algebra. 

The paper is arranged as follows. In Section 2, we first consider all possible 
super-extensions of the Heisenb erg- Virasoro type Lie algebra. Our main result in 
this section is Theorem 2.1. As a conclusion, we obtain that the Ramond N = 2 
superconformal algebra is a special case of such super-extension. Then we study 
the modules of the intermediate series in the last section. 

Our main result is 

Theorem 1.2. Any indecomposable module of the intermediate series V over the 
Ramond N = 2 superconformal algebra is one of modules RA a ^, RA a , RA 13 , RB a b, 
RB a , RB 13 , or one of their quotients for a,b,a,/3 G C, where RA a ^ is defined in 
IET25]) . RB aJb is defined in (ET25I) . RA a is defined in (j051) . RA 13 is defined in ( I3T40]) . 
(EUD, RBa is defined in ( E2D , RB 13 is defined in (ET35I) . 

2. The structure of the Ramond N = 2 superconformal algebras 

Let £q = span c {L m , if n | m, n G Z} be a Heisenberg- Virasoro type algebra 
(only with 1-dimensional center CHq) with the following Lie brackets: 

[L m , L n ] = (m — n)L m+n , [H rn ,H n } = 0, [L m , H n ] = —nH m+n . (2.1) 

Let us consider all possible super-extensions of the Lie algebra First assume 
that Cj is an ^-module of intermediate series with basis {Gi \ i G Z} such that 
Cq © Cj is a Lie super algebra. Then following [8, Theorem 3.2], we can suppose 

[L m , Gi] = (a — i + mb)G m+ i, [H n , Gi] = fG m+i , 

for some a, b, f G C, / ^ 0. Set [Gj, Gj] = OijL i+ j + bijH i+ j, for some a^, 6^- G C. 
Then from the equation 

[#fc) [Cj, Gj]] = [[iffe, Gi], Gj] + [Gj, Gj]], 

by letting = 0, we deduce 2/[Gj, Gj] = 0. Therefore, [Gj, Gj] = for all i,j G Z. 
This is a trivial extension and not the thing we are interested in. Hence we suppose 
that Cj is a direct sum of two £o" m °dules of intermediate series, with basis {Gf \ 
i G Z}. Then we have the following equations: 

[L m , Gj] = {a+-i + mb + )G + m+l , [H n , Gj] = /iG+ +i , 
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[L m , G l ] = (a -i + mb )G m+i , [H n , G i } = f 2 G m+i , 

where a + , a~ , b + , b" , fx, f 2 € C, and (fx, f 2 ) ^ (0,0). In order to get a nontrivial 
super-extension, we must have a + = a~ , denoted by a. Set 

\G i , Gj ] = dijLi + j + bijHi + j. 

Since 

= [H , [G-,Gf]} = (h + f 2 )[Gr, G+], 
we can suppose that fx = 1, f 2 — —1 (replacing H m by f^ l H m ). Following 

[L k , [Gr, Gi}} = [[L k , Gr],Gi] + [Gr, [L», G+]], (2.2) 

and setting A; = in (12. 2p . we can get that a = 0. Following (12.21) . we have 

(k-i- j)a id = (-i + kb~)a i+k ,j + (-j + kb + )a i)k+j , (2.3) 

(-i - j)b itj = (-i + kb-)b i+Kj + (-j + kb + )b hk+] . (2.4) 

By 

[G7, [G-, G+]] + [Gr, [Gr, G/]] = 0, (2.5) 
we obtain 6jj + fr^- = aij(—k + (i + j)&~) + a k j(—i + (A; + j)b~). Setting = i gives 

6 ii = a ii H + (z + j)6-). (2.6) 
Replacing G k , G7, G+ respectively by Gi, Gi, Gr in (12.51) gives 

K = ~ a ij(-j + (i + j) b+ )- 
Comparing it with (12.61) . we can get that 

b + + b- = 1. 

Following [H k , [G;, G+]] = [[H k , Gr], G+] + [Gr, [# fc , G+]], we have that 

a k+i;j = a ijk+j , ka i:j = b iyk+j - b k+i:j for all i, j, k E Z. 
Letting i = 0, k = i gives 

a i,j = a o,i+j f° r a h ^ (2.7) 

Taking i = in (12. 3p . and by (12. 7p . we obtain that 

(k - j)a 0J = kb~a kjj + (-j + kb + )a 0tk+j = (k - j)a 0>k+j . (2.8) 

Let ao,o = d & C, then by (12. 7p and (12.81) . we have that aij = d for all i,j G Z. 
Since b + + 6~ = 1, we set 6~ = b, then 

6 + = 1 — b, and fry = d(—i + (i + j)b). 



We can set d = 1 (replace Gf by -^G i ), then C = Cq © Cj is a superalgebra with 
(12. ip and the following Lie brackets: 

[L m , G+] = (-n + m(l - 6))G+ +n , [L m , (?"] = (-n + mb)G m+n , 
[H m , G^] = ±G m+n , [Gmi ^n] = (2-9) 

G+] = L m+n + (—m + (m + n)b)H m+n , 

where m,n6Z. Obviously, C is Z-graded: 

£ = © £ n , £ n = {x G £ I [L , x] = ni} = span c {L_ n , H_ n , G^ n }. 

Now we consider the central extension of C. Suppose <£>:£x£^Cisa 
2-cocycle of £, we define a linear map / : C — ► C as follows: 

f(C i ) = ^(L ,C i ), i^O, /(Lo) = ^(A^-i), 

(2.10) 

f(H ) = cpfa, H_ x ), /(G±) = i^, G ± 1 ). 

If we define another 2-cocycle of £, if) : £ x £ — > C satisfying ^ = ip — ipf, where 
<Pf(x,y) = f([x,y]), then 

^(£ , A) = A) - ¥>/(A), A) = 0, i 7^ 0, 

2if;(L ,L Q ) = if)([L 1 ,L„ 1 ],L o ) = 0, 

Similarly, we have that ip(L , H ) = if>(L , Gq) = 0. Thus 

^(L ,£i) = for alii GZ. (2.11) 

Furthermore, 

iif>{£i, Cj) = if>{[L , Ci], Cj) = ip(L , [Q, Cj\) - ip(C h [L , Cj]) = -jif){C h Cj), 
therefore, 

ip(C h Cj) = if i + j^0. (2.12) 
Now let us consider ip(Ln, L-i). It follows (12.101) that 

if>(L h L_i) = y?(Li, L_i) - <^/(Li, L_i) = 0. 

Then 

(i - 2)iP(Li, L^) = ip([Li_ u Li], = (i + 
Set ^(Xi, — hi we obtain Zj = jz^h-i for i 7^ 2, i.e., 

^ = iipz 2 for all i ^ 3. 
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Then we can rewrite ip(Li, L_j) as follows 

^{Li, L_i) = ^pc L for all i G Z, (2.13) 

where cl G C. Similar to the argument about if>(Li, we can obtain that 

$(Hi, H^) = tc H , ^Li, H_ { ) = l ^c HL , (2.14) 
tlj{Hi,G%) =i>(Li,G%) = ^{Gf,G ± l ) = foralHGZ, (2.15) 

where ch, chl G C. Finally, we consider ip(G~ , GlJ. Set ^(Gq , Gq) = c G , by (12.91) 
and (I2.14p . we have 

^(GY,Gt 1 )=^([G ,H 1 },Gt 1 ) 

= ,l>(Go, [#i, Gt x ]) - [Go , GiJ) = c G + c HL + bc H , 

and ^(G^jGtt) = 4>(G^, [#_i, Gq]) = c G + (1 - &)cjf. Hence c G + c^l + &c H = 
co + (1 - b)c H , i.e., 

c H l = (1-26)c^. (2.16) 

Then 

^(ar,G+) = ^([G -,^],G+) 

= iP(Gq, [H, G+ ]) - VW, [G , G+ ]) = c G + - i&) Cir . 

Note that 

fr, [GJ, G+]] = [[L^ Gj], G+] + [GT, [L i; G+]]. 
If we suppose i + j + k = 0, then 

^+(-j + (fc+j)6)^c M 

= (-j + <6) (co + + fc&H) + (-* + z(l - 6)) (c G + - jb)c H ) . ' 

By (12.161) . and setting j = in (12.181) . we have that 

^± CL -2c G = z 2 (b-b 2 )c H . (2.19) 
Letting z = 1 in (12.191) . we can obtain that 

c G = b ^c H , c L = 6(6 - b 2 )c H . (2.20) 
Then we have the following theorem: 

Theorem 2.1. The possible nontrivial super-extensions of the Heisenberg-Virasoro 
type algebra (12. lj) are the following superalgebras: 

t = span c {Lj, Hj, Gf, c H \ c H G C, k G Z}, 



where ch is a central element and the following relations hold: 

[U, Lj] = (i- j)L i+j + (i 3 -i)(b- b 2 )c H S i+jfi , 

[L h Hj] = -jH i+j + ^^(1 - 2b)c H S i+j>0 , [Hi, H-[ = ic H 5 i+jfi , 

[Li, G+] = (-j + i(l - b))G+ +j , [Li, Gj] = (-j + ib)Gr +j , (2.21) 

[Hi, Gj] = ±Gf +j , [Gf, Gj] = [G i ,Gj] — 0, 

[Gr, G+] = L i+j + (-i + + j)b)H i+j + <(w -^-» Cg< W 

If b = |, then C — C That is to say, Ramond N = 2 superconformal algebra 
£ is a special case of C. 

3. The modules of intermediate series over C 

§3.0 Let V — Vq © Vi be any indecomposable £-module with dimV^ ^ 1 for all 
A G Ti*, a G Z/2Z, where 

V* = {v G V a | L ■ v = X(L )v, H -v = X(H )v}. 

We also have the following: 

V=( ® V a+k )®( © V? +k ). (3.1) 

One sees that c acts trivially on V (see, e.g., [6j [9]). So we can omit c in (11. ip . 

Now we consider all possibilities of Vq and V\ case by case below. Let us recall 
the definition of Vir-modules A a ^, A(a), B(f3) (see [6]). They all have a basis 
{xi | i G Z} such that for i,j G Z, 

A a;fc : LjXj = (a - j + ib)x i+j . 

A(a) : LjXj = -(« + j)x i+i , j ^ 0, L^o = + (i + l)a)Xi. (3.2) 
B(j3) : LjXj = -jx i+j , i + j ^ 0, = z(l + (i + l)(3)x Q . 

§3.1 Suppose both of Vq, V\ have the form A a ^, a, b G C. Then we choose a basis 
{xi | i G Z} of Vo and a basis {yj \ j G Z} of Vi such that 

L<a?j = (a - j + ib)x i+j , L { yj = (a' -j + ib')y i+j , (3.3) 
-f^i^' — fij x i+j, Hiyj = f-jy i+ j, (3.4) 

Gfxj = afjy i+j , Gfyj = bfjX i+j , (3.5) 

where a, a', b, b', fy, f~, afj, bfj G C. We have a = a 1 by applying L to the first 
formula of (13. 5p . By (11. ip . we have 

(I - iKt^ = (a — (A; + j) + ii/Ja^ - (a - fc + ib)a% +k , (3.6) 
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and 2(a - k + (i + j)b) - (i - j)f i+j , k = "jj^ i.-. j + % k b tk+i- Let * = 3, we § et 

"tkKk+i + = 2(« - * + 2*). (3.7) 

From (13. 7p . we know that for all fixed i, k € Z, 

a ti = = 0; Ki = Ki = ® om y f° r finitely many j and finitely many Z. (3.8) 
Applying [Gf, Gf] = to x k gives af tj bf Mj + af k bf k+i = 0. Letting z = j gives 

a&^+i = °- ( 3 - 9 ) 
Therefore, by (13. 7p and (13.91) . for any i, k e Z with a — + 2i6 7^ 0, we have 

a tk a ik = °> K + fc) 2 + Kfc) 2 ^ °> (similar relations for bf k ). (3.10) 

For convenience, we omit the superscript " ± " in afj. Let i = 2j and 2 = — 2j in 
( 13. 6p respectively, we get 

(a — k + 2jb)a jtk+2j = (a - (k + j) + 2jb')a jjk , (3.11) 
-2ja- jjk = (a - (k + j) - 2jb')a j)k - (a - k - 2jb)a jtk _ 2 j- (3.12) 

Multiplying (13.121) by a — (k — j) + 2jb' and replacing the last term by (13.111) . we 

get 

-2j(a-(k-j) + 2jb')a^ k 

= (a-(k-j)+2jb')(a-(k+j)-2jb')a jik -(a-k-2jb)(a-(k-2j)+2jb)a jik 
= 2j(a-(k-j) + 2jb' + 2jt)a j>k , 

where t = b' 2 — (b+ |) 2 . Similarly, let j = —j, i = 2j and j = —j, i = —2j in ( 13. 61) . 
we can obtain that 

2j(a - (k + j) - 2jb')a jtk = -2j(a — (k + j) - 2jb' - 2jt)a. j>k . 

It follows that 

((a-(k + j)-2jb')(a-(k-j) + 2jb') 

-{{a-k-j- 2jb') - 2jt){{a -k + j + 2jb') + 2jt))a jk = 0, 

which gives 

Aj 2 t(t + 2b' + l)a jk = 0. (3.13) 

By (13. 8p . there at least exists one k such that af ko 7^ 0, or a7 fco 7^ 0. (If af k = 
for all k, by letting j = 1 in (13.61) we get af k = for i, k 6 Z, i 7^ 2. By letting 
i — j — 1 in (13. 6p . we get a^ fc = 0.) Thus it follows from (13.131) that 

b' = ±{b + l), or 6' = -l± (&+§). 
7 



Case 1. b' = b + \. 

First suppose a — k + 2b ^ for all k G Z. Letting j — 1 in (13. lip , we obtain 
(again we omit the superscript " in xq, X\ for the time being) 



Q-1M 



xo, k is even, 
xi, is odd. 



Let j = 1, and let i, k be odd in (13.61) . then 



(~ - l)o i+1(fc = (a - (k + 1) + i&') a i,fc - (a - A; + ib)a hk+i 
= (a — (k + 1) + ib')x\ — (a — k + z'6)x . 

By (13.111) and 6' = b + |, we also have 

(| — ljaj+i^ = (| — 1)0^+1^+2(1+1) 

= (a - (k + 2{i + 1) + 1) + ib')xi - (a - (k + 2(z + 1)) + i&)x . 

Obviously, we get Xq — X\. Similar to the arguments after A3. 13j) . we have 



7± 



af = df for all i,j G Z, (3.14) 



where are constants, and by (13.101) . 

d+d^ = 0, (d+) 2 + (oY) 2 ^ 0. (3.15) 

Now we suppose that a — k' + 2b = for some fc' G Z. It follows from (13. lip that 
(a — k + 2b)ai t k = (a — k + 26)a 1 fc+ 2 . Then 

xq, k > k', k is even, f Z/o> & ^ & & is even, 



( ' a " ^ xi, k> k', k is odd. ° u ' 1 y h k ^k', k is odd. 



By dSU), we get 

Oifc = 

and 



xo, k > k', k + i — 1 > fc', and k, i — 1 are even, 
Xi, k>k',k + i — 1> k', and k, i — 1 are odd, 



|/o, ^ fc', fc + i — 1 ^ ', and k, i — 1 are even, 
3/1, ^ k', k + z — 1 ^ k', and k, i — 1 are odd. 

Now choose some k,j G Z, such that a — k + 2j6 7^ 0, k ^ k', k + j — 1 ^ k', 
k + 2j > k', k + 3j — 1 > fc', and one of k and j is even, and another is odd. Then 
by (13. lip , we have 

(a - k + 2jb)a j:k = (a - k + 2jb)a jjk+2j . 



8 



Therefore, 

Xo = Vo, x 1 = y 1 . 
Similar to the argument above, we again have (I3.14p and (13.151) . 
Case 2. b' = -(b + \). 

Let i = 2j and i = —2j respectively in (13.61) . we have 

(a - k - 2j - 2jb)a j)k = (a - k + 2jb)a j>k+2 j, (3.16) 
-2ja^ jtk = (a-k + 2jb)a jtk - (a — k — 2j&)a iife _ 2 j = -2ja jtk , (3.17) 

where the second equality of (13.17!) follows from (13.161) by replaced k by k — 2j. 
Hence, a^ )k = a~j )k for all k, j G Z. Using it, again by (13. 6p . we deduce that 

(a - (k + j) + ib')a jtk - (a - k + ib)a jtk+i = (§ - j)a i+j:k 

= (| - j) a -i-j,k = -{a - (k - j) - ib')a- jtk -(a-k- ib)a_ jjk _i. 

Hence 

(a — k — ib)aj±^i — 2(a — k)aj tk + (a — k + ib)aj^ k+i = 0. (3.18) 
Let j = 1 in (13.161) and then replace A; by k + 2 in the new equality, we can obtain 

{a-k-A-2b)(a-k-2-2b) 
Ol,fc+4 — ( a _ fc _ 2+ 2fc)(a-fc+2b) 

Similarly, we can have a formula for 01^-4. Then let z = 4 in (I3.18p . we have 

(('-*-o) ^jp^ -»-H 

i ^ 7 i /I J.\ (a— fc— 4— 26)(a— fc— 2— 26) \ n 

+( a _ fc + 4&) i (a _ fc _ 2+2 ^ )(a _ fc+26) ; )a x , fc = 0. 

By (13.111) and the discussion after (13 . 1 3j) . we know the coefficient of a i)k must be 
zero. We obtain b — — 1 or — |. Note that the case of b — — |, V — is contained 
in Case 1. So we only need to consider the case of b — — 1, b' — 2 . 

Let j = 1 in (13. lip , then (a — k)a\ tk is a constant for all even k or all odd k. 
We suppose that 



(a - k)a^ k 



x , k is even, 
xi, k is odd. 



Let i — j — 1 in (13.181) . we can obtain that = zci. That is to say, (a — k)a\^ k is 



a constant for all k G Z. If a — fci = for some k\ G Z, then ai^ = ^-E^ a i,fci 
for all k ^ ki, a contradiction with (13.81) . Thus a — A; 7^ for all A; G Z, i.e., 
o ^Z. Denote (a — fc)a^ t A , by ci^, where ci^ G C are constants. By (13.61) . let j = 1, 
we get 

(| - l)ai+i,fc = (a - (A; + 1) + |)ai,fe - (a - A: - l)a 1)fc+ i, 
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then a^k = a\,k for all i G Z, i ^ 3. Again by (13. 6p . let j = 2, i = 1, we have 

-fa3.it = (o - (A; + 2) + |)a 2)fe - (a - k - l)a 2)fe+ i, 
then a 3j fc = a ljfc . Therefore, a£j = (a — j) _1 c?f for all i,j G Z, and by (I3.1(jp . 

d\d- 2 = o, (4) 2 + (rf 2 -) 2 ^ o. 

Case 3. b' = -b - §. 

Following the arguments in Case 2, we have Ija^k = 2ja_ 3i fc_ 2 j, and 

(a — k — j + ib')a j)k + (a - k - j - 2i - ib')a jM2i — 2(a — k—i- j)a jjk+i , (3.19) 

+(„-»-„- 46-) fctgfffcUffj ).^ = 0- 

Then we obtain that 6 = — | or — 1. The case of b = — 1 (6' = — |) is contained in 
Case 1. So we consider the case of b — — §, b' — 0. By (13.111) . let j = 1, we have 



(a-k- l)a 1>k = {a — k — 3)ai, fc+2 , 

then (a — k — l)a\ tk is a constant for all even k or all odd k. By (13 . 1 9j) . similar 
to the argument in Case 2, we can obtain that (a — k — l)ai k is a constant for all 
k G Z. If a — A4 — 1 = for some ki, then = a ~^ 1 ~ 1 ai >kl = for all k ^ k\. 
Also a contradiction with (13. 8p . Therefore, a G" Z. Now we denote (a — k — 1)%^ 
by c? 3 , i.e. a\ yk = (a — — l) -1 ^, for all k G Z. Let j = 1 in (13.61) . then we have 
that 

(| - = (a-k - l)ai >k -(a-k- \i)a^ k+i . 

Then 

ai,fe = ai,fc+i-i = (a-k - i)~ l dz for z 7^ 3. 

Letz = 1, j = 2 in (J3J|, we get -§a 3)fc = (a-fc-2)a 2jfc -(a-£;-§)a 2)fc+ i = — |a 2 ,fc+i, 
then 03^ = (a — k — 3)~ 1 d 3 . Therefore, afj = (a — i — j)~ 1 d 3 for all i, j G Z, and 
by (EH, 

44 = 0, (4) 2 + (4 ) 2 ^ 0. 

Case 4. b' = b - §. 

Note that if we act (| — j)Gf + j = [Lj, G^] on we can obtain that 

(I " = («-(* + J) + - (a - fc + (3.21) 

Similar to the discussion in case 1 (6 = b' + |), we have bfj = 4 5 i,j G Z for some 
df G C, and by (I3T0|) . 



44 = 0, (d'+f + K-jVo 
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Then it follows from (13. 7\i that 



1.1 



2(a-k + 2ib)(d'T)-\ 



Until now, we get that 



d ± 




1/ 


= b + 


1 

2 ■ 




(a-j)" 




V 


i 

2> 


b = 


-1 


(a — i — 




b' 


= o, 


b = 


3 
2 


2(a-j 


+ 2ib)(d'{ f )-\ 


1/ 


= b- 


1 

2' 





Again using (I3.17p . following the same arguments about af,, we have that 



di 



2 5 



'J 



{a-3)- x d, 
{a-i-j)- l df 



3 
2 ■ 



6' + 1 

§> v 

« , u-0, b' - 

_ 2{a-] + 2i{b+\))(d1)-\ b = b'-\. 
Obviously only the following two cases can occur: 

af j = d ± , bf j = 2{a- 3 + 2i{b+\)){dT)-\ b' = b + \. 
b? j = d! ± , af j = 2(a- ] + 2ib)(d'T)-\ b = V + \, 

for some d ± , rf /=t 6 C. Together with (I3.10p . we obtain that 

(d + f + {d~f = 0, d+d- = 0, and 
(d' + ) 2 + (d'-f = 0, d+d'- = 0. 

By rescaling basis | i G Z} (or {xj | z e Z}) if necessary, we can suppose 
(or (i /=t = 1). Then we rewrite (13. 22ft : 

o+ (or fl r|) = 1, 6y (or 6+) = 2(a - j + 2*(6 + §)), &' = 6 + ± 
6+ (or 6") =1, or. (ora+) = 2(a-j + 2ib), b' 



(3.22) 



Now we consider one of the cases of f!3.23j) : 



b- i 

2 



tf* = 1 



(3.23) 



1, for. = 2(a-i + 2z(fo + |)), a^. = 6+ = 0, &' = & + ± 



We want to determine the action of Hi on V. Set / o = f, /oo = /'• 
[if , G^] = Gt, we have that f — f + 1. Similar to the arguments of [8], 
the following cases. 

Case 5. a — 6, a — V (jL Z. We have some cases as follows: 



Since 

we get 



Subcase 5.1. 


fij 


— /) J 


^■ = / + i; 


6' = 


b + \. 


Subcase 5.2. 


fij 


a-j x 

a—i—j •> ' J 


% = / + i; 


6 = 


0, v = |. 


Subcase 5.3. 


fij 


_ a-i-j e 

a—j J ' ^ 


% = / + i; 


b = 


-1, = -| 


Subcase 5.4. 


fij 


— /; J 




b = 


-|, = 0. 


Subcase 5.5. 


fij 


— /) J 




b = 


-I, b' = -1 
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Note that 

[H l ,G+} = Gj +J . (3.24) 

Acting it on xj., we compare the coefficients on the two sides, then we get contra- 
dictions for Subcases 5.2-5.5. And in Subcase 5.1, follows [H iy Gj] -y^ = —Gj + ^ -y^, 
one can get that / = —2b — 2. Then we obtain a representation RA a b of £ with 
basis {xi, yi\i £ Z} and the actions: 

RA a , b : LiXj = (a - j + ib)x i+j , L { yj = (a - j + i(b + \))yi+j, 

H iXj = -{2b + 2)x i+j , H iVj =-{2b + l)y i+j , (3.25) 
G'xj = G+yj = 0, Gjxj = y i+j , G~yj = 2(a + i - j + 2ib)x i+j , 

(together with cXi = cyi = for all i,j £ Z). 
Obviously: 

(i) As Vir-modules, Vo — A a j> and Vj = A^/, where b and 6' have some relations. 

(ii) For all % £ Z, f/j acts as constants on Vo and Vi. 

Case 6. a — b £ Z, then a — &' £" Z. Similar to the discussion in case 5, we have 
the following subcases: 



Subcase 


6.1. 


fij 


= o, 


f.'. = 1" 


6 = 


0. 


i 


6' = 


i 

2' 




Subcase 


6.2. 


fij 


= 0, 


f. = 1- 


6 = 




1, 


V = 




1 

2 


Subcase 


6.3. 


fij 


= / * o, j 




6 = 




i 

2> 


V = 


0. 




Subcase 


6.4. 


fij 


= / + 0, j 


% = s£j(/ + i); 


6 = 




1 

2' 


b' = 


0. 




Subcase 


6.5. 


fij 


a—i—j •> ' J 


fy = / + i; 


6 = 


0. 


i 


V = 


1 

2' 




Subcase 


6.6. 


fij 


a—j •> ' J 


% = / + i; 


6 = 




1, 


V = 




1 

2 


Subcase 


6.7. 


fij 


= fi j 




6 = 




3 
2' 


V = 




1 



Again by (I3.24p . we know that only Subcases 6.2 and 6.3 can occur. It is not 
difficult to see that they are contained in (13.251) . 

Case 7. a — b' £ Z, then a — b (jL Z. Similar to the discussion of case 6, we obtain 
that if aj = 1, = 2(a - j + 2i(b + §)), a". = b± = 0, 6' = b + \, the module V 
has the form of RA a ^, for some a, 6 £ C. 

Similarly, we can write the other three cases of (13. 23ft : 

RB atb : LiXj = (a - j + ib)x i+j , Uyj = (a - j + i(b + \))yi+j, 

H iXj = (2b + 2)x i+j , H iVj = (2b + l)y i+j , (3.26) 
G+Xj = G~ i y j = 0, Grxj = y i+j , G+yj = 2 (a + i - j + 2ib)x i+j , 

when a". = 1, b± = 2(a - j + 2i(b + §)), aj = 6". = 0, &' = 6 + §. 
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RA' ab : LiXj = (a-j + ib)x i+j , L^j = (a - j + i(b - \))y i+ j, 

HiXj = -2b x i+j , Hii/j = -(26 + l)y i+j , (3.27) 

Gfxj = GiVj = 0, Gfyj = x i+j} G~Xj = 2(a - j + 2ib)y i+h 

when or. = 2(a - j + 2tb), b± = 1, aj = &7. = 0, b' = b - §. 

R K,b- L i x i = ( a ~3 + ib)x i+j , Liyj = (a - j + i(b - \))y i+ j, 

HiXj =2bx i+j , Hiyj =(2b + l)y i+j , (3.28) 

G'xj = G+yj = 0, G~y j = x i+j , Gfxj = 2(a - j + 2ib)y i+j , 

when a± = 2(a - j + 2tb), &r. = 1, r. = 6+ = 0, 6' = 6 - |. 

It is not difficult to see that RA ab = RA' RB ab S #5' A . 

§3.2 Now we consider all the possible deformations of the representations which 
defined in section 3.1. 

Case 1. Suppose V is an indecomposable module which has the same composition 
factors as those of RA a ^ (in this case RA a ^ is reducible). Let V be a non-zero 
submodule of V. 

Subcase 1.1. There exists Xj G V for some i G Z. By the sixth equation of 
(I3.25p . we obtain that yj G V for all j G Z. By the last equation of f)3.25p . 

G?rj/jfc_i = 2(o + i - fc + z + 2i6)x fc = 2(a - fc + 2(6 + l)i)x k . (3.29) 

we see that V is a proper submodule of V if and only if a — ko, b = —1 for some 
ko G Z. In this case we can suppose a = 0, 6 = — 1. Then 

V = span c {x i; yj \i,j E Z, i 7^ 0} 

is a nontrivial irreducible submodule of V, with the following relations: 

LiXk = — (i + k)xi + k, Liyj = — (~ + j)yi + j, 

HiX k = 0, F^- = (3.30) 

Gjx k = Gfyj = 0, Gfx k = y i+k , G^yj = -2(i + j)x i+j , 

for all j, k G Z and 7^ 0. 

In order to determine all possible actions on V, we suppose that 



LiX = hxi, HiX = hiXi, G i x = g i y { for all i G Z. 
Act [Li-i, Hi] = —Hi on xq, we can obtain that 

hi = ihi for all i G Z. (3.31) 
Applying [Lj,G?j] = (| — j)G^ + j to xo, we obtain that 

-(l + j)97 = (l-jW+r (3-32) 
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Set j = 0, we get that — |g = \g i , i.e., g i = —g for i 6 Z \ {0}. Set j = — z in 
(GEB2P, we get that -(§ - z)^ = (| + i)g^ , i.e., ^ = §0„ for i G Z \ {0}. Then 
we must have that 

gr = for all i G Z. (3.33) 
Applying [Lj,G+] = (| — j)Gf + j to xo, we obtain that 

fc = -(| +j)gt-(i-j)9i+j- ( 3 - 34 ) 

Following [iifj, • x = • Xq, we get that 

hi = gj - gf+j for all i,j G Z. (3.35) 
Set j = 0, and by (13.311) . one can get that 

gt = 9o- ih i- ( 3 - 36 ) 

It follows (ETB3|) that 

l i = £h 1 -ig+. (3.37) 

If /ii = 0, then 

k = -ig£, ^ = 0, gr = 0, gf = g£, 

and it satisfies (13.301) (rescaling xq by (gQ)~ 1 x ). Then it is not a deformation of V. 
Hence we suppose that hi ^ 0. Rescaling xo by h± xo, and follows (13.341) . (I3.36j) . 
we can obtain that 

+ ^ = z '> ft + =^- l '» 9i = 0. (3.38) 

Then we get a deformation of iL4 a 6, denoted by RA a , which is an indecomposable 
module with the following relations: 

■2 

RA a : LiX k = -(i + k)x i+k , LiX = (ia + \)x h L i y j = -(f + j)y i+j , 

HiUj = Ui+j, HiXk = 0, HiXo = iXi, 

G i x i = G tVj = °> G iVj = ~2(* + j)xi+j, 
Gfx k = y i+k , Gfx = -(a + i)y u 

where a = -f£ G C, j, k G Z and fc ^ 0. 

Subcase 1.2. There exists y J0 G V for some jo G Z. By (13.251) . in order to make 
V is a proper submodule of V, we must have that for all i G Z, 

G rs/io = 2(a + i - jo + 2ib)x i+jo = 0, 

it follows that a = jo, & = — §. Without loss of generality, we can suppose that 
jo = 0, then we have a = 0,b = — |. Therefore, V = Cy^ is a trivial proper 
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submodule of V, and set V" =spanc{xj, yj \ i, j G Z, j ^ 0}. We have the following 
relations: 

LiXj = — (| + j)Xi+j, LiUk = —kyi+k, 

HiXj = -x i+j , H { y k = 0, (3.40) 

Gjx k = Gjyj = 0, Gfx k = y i+k , G'yj = -2jx i+j} 

where j, k G Z and k ^ —i. Suppose that 

Liy-i = ky , H%y-% = hiy , Gfx-i = gfy . 
Similar to the arguments about Case 1, one can get that 

h = Wo + y^i> 9i = 9o + ih, 97 = 0, hi = ih%. 

If h x = 0, then 

h = i9o, 9t = 9o, 97 = 0, K = 0. 

It is not a deformation too, so we suppose that h\ ^ 0. Rescaling y by hiy , we 
can get a new representation of C, we denote it by RA@. 

RA 13 : satisfies (I3.40p and the following relations (set (3 = f^-): 

Liy-i = (ifi + y)Vo, Hiy_i = iy , G^x_i = 0, Gfx^ = ((3 + i)y . (3.41) 

Obviously, RA a has a nontrivial submodule with codimention one, and RA 13 
has a trivial submodule with dimention one. 

Case 2. Now we discuss the deformations of RB a ^. Since the discussion is similar 
to Case 1, we will not give the detail, and only enumerate the results. RB a b also 
has two deformations: 

■2 

RB a : LiX k = -(i + k)x i+k , LiX = -(ia + ^)x h = -(- + j)yi+j, 

Hiyj = —yi+j, HiX k = 0, HiX = ix i: 

G t x j = G iVj = °> G tvj = - 2 («+i)%j. 



G i x k = y i+k , G i x = (a + %)y 



i ■ 



where a = fa- G C, hx / 0, j, k G Z, and k ^ 0. 

■2 

LiXj = -(5 + j)x i+j , Liy k = -ky i+k , L^y-i = -(z/3 + %)y 0} 
HiXj = x i+j , Hiy k = 0, HiV-i = iyo, 

Gfxj = G^yj = 0, Gjx k = yi+k, 
G~x-i = -((3 + i)yo, Gfyj = -2jx i+j , 

where (3 = G C, hi ^ 0, j, k G Z and fc ^ -z. 
This completes the proof of Theorem 1.1. 



(3.43) 
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